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Instability of an Annular Liquid Sheet
Surrounded by Swirling Airstreams
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A theoretical model to predict the instability of an annular liquid sheet subjected to coaxial swirling airstreams
is developed. The model incorporates essential features of a liquid sheet downstream of a pre� lming airblast
atomizer such as three-dimensional disturbances, inner and outer air swirl, � nite � lm thickness, and � nite surface
curvature. Effects of � ow conditions, � uid properties, and � lm geometry on the instability of the liquid sheet are
investigated. It is observed that the relative axial velocity between the liquid and the gas phases enhances the
interfacial aerodynamic instability by increasing the growth rate and the most unstable wave number. At low
velocities, a combination of inner and outer airstreams is more effective in disintegrating the liquid sheet than
only the inner or only the outer airstream. Also, the inner air is more effective than the outer air in promoting
disintegration. Swirl not only increases the growth rate and the range of unstable wave numbers but also shifts the
dominant mode from the axisymmetric mode to a helical mode. With the presence of air swirl, the most unstable
wave number and the maximumgrowth rate are higher than their no-swirl counterparts. Inner air swirl increases
the most unstable wave number more effectively than outer air swirl, and both airstreams swirling together leads
to higher values of the maximum growth rate than do only inner or outer air swirl.

Nomenclature
A = vortex strength, m2/s
c j = coef� cients in dispersion equation (23)
g = air/liquid density ratio
h = ratio of inner to outer radius, that is, Ra / Rb

In = nth-order modi� ed Bessel function of � rst kind
Kn = nth-order modi� ed Bessel function of second kind
k = axial wave number, 1/m
n = azimuthal wave number
P = mean pressure, N/m2

p 0 = disturbance pressure, N/m2

Ra = inner radius of the liquid sheet, m
Rb = outer radius of the liquid sheet, m
r = radial coordinate,m
t = time, s
U = mean axial velocity, m/s
u = disturbance axial velocity, m/s
V = mean radial velocity, m/s
v = disturbance radial velocity, m/s
W = mean tangential velocity, m/s
We = Weber number, q U 2 Rb / r
w = disturbance tangential velocity, m/s
x = axial coordinate, m
g = displacement disturbance, m
h = azimuthal angle, rad
k = wavelength, m
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q = � uid density, kg/m3

X = angular velocity, 1/s
x = temporal frequency, 1/s

Subscripts

i = inner gas
l = liquid phase
o = outer gas
s = based on swirling component

Introduction

M ODERN combustion engines must meet increasingly strin-
gent requirements regarding pollutant emissions, such as

NOx , in addition to improved combustion ef� ciency. The achieve-
ment of this goal depends largely on the performanceof liquid fuel
atomizer and rapid, uniform fuel–air mixing. The pre� lming air-
blast atomizer has been considered as an advanced fuel injection
concept and is widely used in gas turbine engines and oil-� red fur-
naces due to its advantages such as a low fuel pressure require-
ment, a large � ow turndown ratio, and low pollutant emissions.
Inside the atomizer, fuel is � rst forced into an annular passage
to form a thin annular liquid sheet and is then exposed to high-
speed swirling airstreams on both sides, as shown in Fig. 1. The
strong shear action of swirling airstreams speeds up the disintegra-
tion process of the liquid sheet.1 The breakup of the liquid sheet
has direct effects on the resultant spray characteristicssuch as mean
drop size and droplet size distribution and, thus, affects combus-
tion ef� ciency and pollutant formation. Understanding the factors
that in� uence the disintegrationprocess will bene� t not only atom-
izer design and improvementbut also numericalsimulationof spray
combustion.2

It is well known that the disintegration of the liquid sheet is due
to the growth of unstablewaves at the interface between the gas and
the liquid sheet. Various forces such as aerodynamic force, inertial
force, surface tension, shear force, and centrifugalforce involved in
the disintegrationprocess compete to dominate the instabilityof the
liquid sheet.Extensive theoreticaland experimentalstudies3 – 8 have
been conductedon the instabilityof planar liquid sheets.These two-
dimensional instability models were extended later to the annular
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Fig. 1 Schematic of a pre� lming airblast atomizer.

liquid sheet.9 – 16 Effects of relative velocity between the liquid and
gas phase, air-to-liquiddensityratio, � lm thickness,and surfacecur-
vatureon the instabilityof theannularliquid sheetwere investigated.
However, the air� ow conditions in these studies9 ¡ 12,16 were in the
low-speed regime (Wei or Weo ·8), and the swirl effect on the insta-
bility of the annular liquid sheet has not been considered.The effect
of liquid swirl was examined in several recent studies,13 – 15 and the
linear stability analysis was combined with a breakup model to pre-
dict mean droplet sizes for the pressure-swirl atomizer. Agreement
with experimental data was reasonable.15

Inside practical pre� lming airblast atomizers, swirl is imparted
to both the inner and outer air streams as well as to the liquid
fuel.Experimentalinvestigations17 , 18 haverevealedthat the swirling
airstreams promote the disintegrationof the liquid sheet, apart from
enhancing mixing and stabilizing � ame. In Ref. 15 a theoretical
model considering the liquid swirl was developed. However, a de-
tailed theoretical analysis of the disintegration of the annular liq-
uid sheet that includes the effects of air swirl is not yet available
in the literature. The objective of the present paper is to develop
an analytical model for the instability of the annular liquid sheet
downstream of a pre� lming airblast atomizer. This model predicts
the most unstable wave number and the maximum growth rate that
can be used to predict mean drop size and the liquid sheet breakup
length. It incorporates essential features such as three-dimensional
disturbances, inner and outer air swirl, � nite � lm thickness, and
� nite surface curvature. Effects of � ow conditions, � uid proper-
ties, and � lm geometry on the instability of the liquid sheet are
investigated.A parametric study has been carried out to understand
the instability of the liquid sheet under swirl and nonswirl air� ow
conditions.

Mathematical Formulation
The stability model considers an annular liquid sheet subjected

to coaxial swirling airstreams, as shown in Fig. 2. Both the liquid
and the gas phases are assumed to be inviscid and incompressible.
Basic � ow velocitiesfor the liquidand the inner and the outer gas are
assumed to be (Ul , 0, 0), (Ui , 0, X r ), and (Uo , 0, A / r ), respectively.
The combinationof the solid body rotationand free vortex pro� le is
quite similar to the tangentialvelocitypro� le in practicalgas turbine
combustors.19 To maintain an annular shape of the liquid sheet, a
constraint must be imposed on the assumed mean air� ows and is
described by Eq. (1):

Pi ¡ Po = r (1/ Ra + 1/ Rb) (1)

The governing equations are written in vector form as

r ¢ V = 0 (2)

q

³
@V
@t

+ V ¢ r V

´
= ¡ r P (3)

where

V =

0

B@
U

V

W

1

CA

Fig. 2 Annular liquid sheet
subjected to swirling airstreams.

To derive the linearizeddisturbanceequations,velocityand pressure
disturbances are superimposed on their mean counterparts as

V = V̄ + v, p = P + p 0 (4)

where
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0
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and the overbarrepresentsthe assumedmean � ow quantitiesand the
prime indicatesdisturbance.The velocity and pressuredisturbances
are assumed to have the forms of

(u, v , w , p 0 ) = [û(r), v̂(r ), ŵ (r), p̂(r)] exp[i (kx + n h ¡ x t )]

(5)

where the caret indicatesdisturbanceamplitude,which is a function
of r only. For temporal instability analysis, the wave number k and
n are real, whereas the frequency x is complex. The imaginary part
of x re� ects the growth rate of a disturbance. The displacement
disturbances at the inner and the outer interface are

g j (x , h , t ) = ˆg j exp[i (kx + n h ¡ x t )], j = i, o (6)

Note that no assumption has been made whether the two interfaces
move in phase (antisymmetricmode) or out of phase (axisymmetric
mode). The linearizeddisturbanceequationsfor the liquid phase are
written in vector form as follows:

r ¢ v = 0 (7)
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The linearized disturbance equations for the inner and outer air are
written in component form as
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where j =i, o, Wi = X r, and Wo = A / r .
Appropriate boundary conditions must be prescribed at the in-

ner and outer surfaces of the liquid sheet to derive the dispersion
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equation. The kinematic boundary conditions for the inner air, the
outer air, and the liquid phase are described, respectively,by
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The dynamic boundary conditions at the inner and the outer inter-
faces are
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After extensive algebraic manipulations, the pressure disturbances
in the inner air, the outer air, and the liquid sheet are expressed,
respectively, by
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where k1 =k
p

{1 ¡ [4 X 2 / ( ¡ x + n X + kUi )2]}. The following di-
mensionlessparametersare introducedto derive thenondimensional
dispersion equation:
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The � nal nondimensionaldispersion equation is fairly complicated
and can be written as
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where k̄1 = k̄
p

{1 ¡ [c5 / ( ¡ ¯x + c4)2]}. The coef� cients {c j } in
Eq. (23) depend on wave numbers k̄ and n, � ow conditions, � uid
properties, and the geometric parameter and are given in the Ap-
pendix. The dispersion equation [i.e., Eq. (23)] does not have a
closed-form solution. It was, thus, solved numerically by the se-
cant method, which is an iterative method and requires two initial
complex guess values. Without air swirl, the dispersion equation
can be reduced to a fourth-order polynomial equation and can be
readily solved analytically. When air swirl is present, guess values
were taken from the solutions that correspond to nonswirling � ow
conditions. The solution was considered converged when the left-
hand side of Eq. (23) was less than 10 ¡ 8. For each pair of (k̄, n)
and given dimensionless parameters, the root with the maximum
imaginary part that represents the growth rate of an unstable wave
was obtained.

Results and Discussion
To predictaccuratelythe disintegrationof the annular liquid sheet

emanatingfrompracticalpre� lmingairblastatomizers,the innerand
outer air� ows are assumed to have both axial and swirling velocity
components in the model. Based on the nondimensionaldispersion
equation (23), a complete parametric study has been carried out
to isolate the speci� c effect of � ow conditions, � uid property, and
nozzle geometry on the instability of the liquid sheet. The param-
eter space consists of the axial Weber numbers Wei , Weo , and Wel ;
the swirl Weber numbers Wesi and Weso; the axial wave number k̄;
the azimuthal wave number n; the gas-to-liquid density ratios gi

and go; and the ratio of inner to outer radius h. The wave number
(or frequency) with the maximum growth rate represents the most
unstable wave and, hence, will dominate the liquid sheet breakup
process. The speeds of surrounding air considered here are within
the range of practical operating condition.19

Without Swirl
Figure 3 illustrates the effect of axial velocity on the dispersion

diagram. It is seen from Fig. 3 that there exists a � nite range of wave
numbers with positive growth rate. There also exists a most unsta-
ble wave number corresponding to the maximum growth rate. This

Fig. 3 Effect of axial velocity on dispersion diagram at Wel = 37; gi =
go = 0:00129, and h = 0:93.
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behavior is explained as follows. The instabilitymechanism can be
thought of as a frequency-selectiveampli� er. The mean � ow is its
energy supply, and its gain and frequencycharacteristicsdepend on
� ow parameters, � uid properties, and boundary conditions. When
axial relative velocity is very low, the axisymmetric mode (n =0)
dominates the competition of disturbance growth. As the axial ve-
locity increases,both the maximum growth rate and the range of un-
stable wave numbers increases.Meanwhile, the most unstablewave
number (or the dominant frequency) shifts to a higher value. This

Fig. 4a Maximum growth rate vs axial Weber number at low velocity.

Fig. 4b Curve of neutral stability at low velocity.

Fig. 4c Most unstable wave number vs axial Weber number at low
velocity.

implies that the breakup length and mean drop size decrease with
increasingrelativevelocity.This behavioris in agreementwith avail-
able experimental results.17 , 18 Furthermore, the importance of he-
lical modes becomes comparable to that of the axisymmetric mode
as the relative velocity increases.

The effectivenessof the combinationof the axial � ow of the inner
and outer air in promotingaerodynamicinstabilityof the liquid sheet
is shown in Fig. 4a. At small Weber numbers (low velocity), the
disturbance grows faster with inner and outer air moving than with
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only inner or only outer air � ow. This is because, with the presence
of both inner and outer airstreams, the disturbance extracts energy
from both the mean inner and outer � ow. However, the range of
unstable wave numbers and the most unstable wave number are the
same as that associated with only inner air moving. By examining
Fig. 4, we note that the inner air is more effective in enhancing
aerodynamic instability than the outer air. The � ow of the inner air
leads to larger growth rates (Fig. 4a) and a wider range of unstable
wave numbers (Fig. 4b). However, the � ow has a smaller value of
the most unstable wave number than its outer counterpart (Fig. 4c)
when the axial Weber number is greater than 5.0. This behavior has
been observed in previous experiments.11 At large Weber numbers,
as demonstrated by Fig. 5, the effectiveness of the inner and the
outer air � ow in making the liquid sheet unstable is almost the same
as that with only the inner or the outer air. Moreover, the curve of
neutralstabilitybecomesa straight line and the relationshipbetween
axial Weber number and the most unstable wave number becomes
linear.This is likelybecauseof the dominant in� uenceof the relative
velocity at high speeds (Weber number).

The in� uence of the gas-to-liquid density ratio on the instabil-
ity of annular liquid sheet is twofold as illustrated in Fig. 6. As
can be clearly seen in Fig. 6a, the maximum growth rate decreases
monotonically with density ratio. However, variation of the most
unstable wave number with the density ratio displays two opposite
trends. In the low-velocity regime, an increase in density ratio leads
to a slight increase in the most unstable wave number. Because an
increase in the gas density increases the aerodynamic interaction
between liquid and gas phase, it enhances aerodynamic instability

a)

b)

Fig. 6 Effect of density ratio on maximum growth rate and most un-
stable wave number at Weo = 0; go = 0:00129, and h = 0:90.

a)

b)

Fig. 7 Effect of surface curvature on maximum growth rate and
most unstable wave number at Wei = Weo = 0; Wel = 37, and gi =
go = 0:00129.

of the liquid sheet. This implies that, at low velocity, the higher the
ambient pressure, the smaller the drops produced. This conclusion
has also been reported in a previous experimental study of the ef-
fect of ambient density on the drop size formed.20 In contrast, in
the high-velocity regime (Wei ¸ 8), the most unstable wave num-
ber decreases with the density ratio. However, the resulting droplet
size depends on both the most unstable wave number and the � lm
thicknessat the breakup location,which are determinedby the max-
imum growth rate. Therefore, the net effect of the density ratio on
the drop size becomes fairly complex. Such a complex behaviorhas
also been observed in a previous study of aerodynamic breakup of
liquid sheets.21

When the liquid sheet and the ambient air are both moving very
slowly, surface curvature has a remarkable effect on the growth
rates of unstable waves as shown in Fig. 7. For � xed � lm thickness,
the maximum growth rate and the most unstable wave number � rst
decrease sharply and then increase slightly with the radius of the
innersurface.The transitiontakesplacewhere h has a valueof about
0.75.This is due to the competitionbetween aerodynamicforce and
surface tension in in� uencing the growth of unstable waves. When
the inner radius is very small, that is, when h is very small, the
surface tension is responsiblefor the instabilityof the annular liquid
sheet. As the inner radius increases, surface tension force decreases
and, thus, leads to a lower growth rate and smaller most unstable
wave number. However, as the inner radius increases further, the
aerodynamicforcebecomesmore important than the surface tension
force and causesan increase in the growth rate and the most unstable
wave number. This behavior is consistentwith results reported in a
previous study.9
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Effect of Air Swirl
As illustrated in Fig. 8, features of the instability of the annu-

lar liquid sheet change signi� cantly when swirl is added to the
airstreams. Without swirl, as shown in Fig. 8a, the axisymmetric
mode has the highest growth rate and, thus, dominates the competi-
tion in the disintegrationprocess. However, when swirl is added to
the inner airstream, the maximum growth rate and the most unsta-
ble wave number are increased, as shown in Fig. 8b. Helical modes
are enhanced within the high-wave-number region. This indicates
that short waves absorb more energy from the swirling inner air� ow
than long waves. The swirl needed to switch the dominant mode
from the axisymmetric mode to a helical mode is very weak due to
the inviscid assumption. Figure 8c is the dispersion diagram when
swirl is added to the outer airstream. The swirl promotes helical
modes within the whole unstable region instead of only the high-
wave-numberregionas with the inner air swirl case.However, swirl
inhibits the growth of the axisymmetric mode. Meanwhile, the in-
crease in the maximum growth rate and the most unstable wave
number of helical modes caused by the outer air swirl is smaller
than the increasecaused by its inner swirl counterpart.This implies
that inner air swirl is more effective than outer air swirl in increas-
ing the most unstable wave number and the maximum growth rate.
As a result, it leads to smaller droplets and shorter breakup length.
When swirl is added to both airstreams, as shown in Fig. 8d, the
maximum growth rate is increased more signi� cantly than that of
only the single swirl cases. This is because unstable waves extract
more energy from both swirling airstreams. Additionally,we found
that, when the value of swirl Weber number is less than 10, the most

a) Without swirl

b) With only inner air swirl (Wesi = 8)

c) With only outer air swirl (Weso = 8)

d) With both inner and outer swirl (Wesi = Weso = 8)

Fig. 8 Growth rate vs wave number at Wei = Weo = 8; Wel = 37; gi = go = 0:00129, and h = 0:90.

unstable wave number is almost identical to that of only the inner
swirl case but larger than its no-swirl counterpart.This demonstrates
that swirl has a destabilizing effect on the annular liquid sheet. It
leads to shorter breakup length and smaller droplet sizes than the
situation where swirl is absent.

The growth rates of the � rst three modes for the cases of no swirl,
only inner air swirl, only outer air swirl, and both air swirls are
compared in Fig. 9. It is evident that the enhancement of helical
modes due to swirl is far more signi� cant than that of the axisym-
metric mode. For helical modes, the combinationof inner and outer
air swirl leads to higher growth rates than that with only single air
swirl. However, for the axisymmetric mode, outer air swirl causes
a lower growth rate than its no-swirl counterpart.

Variations of the maximum growth rate and the most unstable
wave number for the secondhelicalmode (n =2) are plottedagainst
the swirl Weber number in Fig. 10. The swirl Weber numbers are
within the rangeof practicaloperatingconditionsand are considered
to have the same values as the axial Weber numbers. This is simi-
lar to the practical � ow conditionsdownstreamof airblast atomizer.
The destabilizingeffect of air swirl can be clearlyseen from Fig. 10.
With the presence of air swirl, the maximum growth rate and the
most unstable wave number are increased.This trend has also been
observedin a previousexperiment.17 As the swirl strengthincreases,
the maximum growth rate and the most unstable wave number in-
crease monotonically. The maximum growth rate has the highest
value when swirl is added to both inner and outer air. Inner air swirl
leads to higher growth rates than that caused by outer air swirl, as
discussed before. Meanwhile, inner air swirl has the highest value
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a)

b)

c)

Fig. 9 Effect of air swirl ona)axisymmetricmode, b) � rst helical mode,
and c) second helical mode at Wei = Weo = 8; Wel = 37; gi = go = 0:00129,
and h = 0:90.

of the most unstable wave number. This implies that, when swirl
gets very strong, the combination of inner and outer swirl is less
effective than only the inner air swirl in forming smaller droplets,
although it speeds up the breakup process of the liquid sheet. In
summary, inner air swirl is more effective in increasing the maxi-
mum growth rate and the most unstable wave number than outer air
swirl. Therefore, it is conduciveto improvement in the performance
of airblast atomizers.

a)

b)

Fig. 10 Effect of air swirl on maximumgrowth rate and most unstable
wave number at Wel = 37; gi = go = 0:00129, and h = 0:90.

Conclusions
A theoretical model to predict the instability of an annular liq-

uid sheet subjected to coaxial swirling airstreams is developed.The
model incorporatesessentialfeaturesof the liquid sheet downstream
of a pre� lming airblast atomizer such as three-dimensional distur-
bances, inner and outer air swirl, � nite � lm thickness, and � nite
surface curvature. Effects of � ow conditions, � uid properties, and
� lm geometry on the instability of liquid sheets are investigated.
It is observed that the relative axial velocity between the liquid
and the gas phases enhances the interfacial instability by increas-
ing the growth rate and the most unstable wave number. At low
velocities, the combination of inner and outer airstreams is more
effective in disintegrating the liquid sheet than only the inner or
only the outer airstream. Also, the inner air is more effective than
the outer air in promoting disintegration.The effect of density ratio
on the instability of the liquid sheet is twofold. In the low-velocity
regime, an increase in the density ratio leads to a slight increase
in the most unstable wave number. However, in the high-velocity
regime (Wei ¸ 8), the most unstable wave number decreases with
the density ratio. When both the liquid sheet and the ambient air
are moving very slowly, for � xed � lm thickness, both the maxi-
mum growth rate and the most unstable wave number � rst decrease
sharply and then increase slightly with the radius of the inner sur-
face. The transition takes place where h has a value of about 0.75.
Enhancement of helical modes due to swirl is far more signi� cant
than that of the axisymmetric mode. Air swirl not only increases
the maximum growth rate and the most unstable wave number but
also shifts the dominant mode from the axisymmetric mode to a
helical mode. With the presenceof inner air swirl, the most unstable
wave number and the maximum growth rate are higher than no-
swirl and outer air swirl cases. The maximum growth rate has the
highest value when swirl is added to both the inner and the outer
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air. However, inner air swirl leads to the highest values of the most
unstable wave number. Outer air swirl inhibits the growth of the
axisymmetric mode but promotes helical modes.

Appendix: List of Coef� cients
Coef� cients c1 –c16 in dispersion equation (23) are as follows:
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Wel gi

c6 =
k̄

Wel h2
(1 ¡ n2 ¡ k̄2h2) + k̄h

Wesi

Wel
, c7 = c1Cn ¡ Qn Sn

c8 = ¡ c2Cn ¡ 2c1Cn k̄ + 4Qn Sn k̄

c9 = ¡ c3Cn + 2c2Cn k̄ + c1Cn k̄2 ¡ 6Qn Sn k̄2 + c1c6

c10 = 2c3Cn k̄ ¡ c2Cn k̄2 + 4Qn Sn k̄3 ¡ c2c6

c11 = c3Cn k̄2 + Qn Sn k̄4 + c3c6 , c12 = c2 + 2c1c4

c13 = c3 ¡ 2c2c4 ¡ c1c
2
4 + c1c5, c14 = ¡ 2c3c4 + c2c2

4 ¡ c2c5

c15 = c3c2
4 ¡ c3c5 , c16 =

2n

hk̄

s
Wesi

gi Wel

where

Gn =
Kn(k̄)

K 0
n(k̄)

, Bn =
I 0
n (k̄h)Kn(k̄) ¡ K 0

n (k̄h) In(k̄)

I 0
n (k̄h)K 0

n(k̄) ¡ K 0
n (k̄h) I 0

n(k̄)

Cn =
I 0
n (k̄)Kn (k̄h) ¡ K 0

n (k̄)In (k̄h)

I 0
n (k̄h)K 0

n (k̄) ¡ K 0
n (k̄h) I 0

n (k̄)

Sn =
I 0
n (k̄)Kn (k̄) ¡ K 0

n (k̄)In (k̄)

I 0
n (k̄h)K 0

n (k̄) ¡ K 0
n (k̄h)I 0

n (k̄)

Qn =
I 0
n(k̄h)Kn (k̄h) ¡ K 0

n (k̄h) In (k̄h)

I 0
n (k̄h)K 0

n(k̄) ¡ K 0
n (k̄h) I 0

n (k̄)
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